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SQUARE-FREE VALUES OF POLYNOMIALS EVALUATED
AT PRIMES OVER A FUNCTION FIELD
GUY LANDO
Abstract. We study a function field version of a classical problem
concerning square-free values of polynomials evaluated at primes. We
show that for a square-free polynomial f ∈ Fq[t][x], there is a limiting
density as n → ∞ of primes P ∈ Fq[t] of degree n such that f(P ) is
square-free.
Over the integers the analogous result is only known when all irre-
ducible factors of f have degree at most 3.
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1. Introduction
1.1. Statement of results. In this paper we study a function field version
of a classical problem concerning square-free values of polynomials evaluated
at primes. Given a polynomial f ∈ Z[x] with integer coefficients, it is conjec-
tured that there are infinitely many primes p for which f(p) is square-free,
provided that f has no repeated factor and that it satisfies some obvious
congruence condition. This conjecture is only known to be true for polyno-
mials having all their irreducible factors of degree at most three. Moreover,
Date: July 12, 2018.
This work is part of the authors M.Sc. thesis, written under the supervision of Zeev
Rudnick at Tel Aviv University. Partially supported by the Israel Science Foundation
(grant No. 1083/10).
1
2 GUY LANDO
it is believed that the set Pf,2 of primes p for which f(p) is square-free has
positive density, namely if
(1.1) Pf,2(x) = {p ≤ x prime : f(p) is square-free}
then
Conjecture 1. Let f ∈ Z[x] be a polynomial with no repeated factor. As-
sume that for each prime p there is at least one integer np for which f(np) is
not divisible by p2. Denote ρf (d) to be the number of solutions of f(x) ≡ 0
(mod d) in invertible residues modulo d. Then
(1.2) |Pf,2(x)| ∼ cf,2pi(x), x→∞,
where pi(x) denotes the number of prime integers not larger than x, and the
positive density cf,2 is given by
(1.3) cf,2 =
∏
p
(
1− ρf
(
p2
)
p2 − p
)
,
More generally, one can ask for the density of the set Pf,k of primes p for
which f(p) is k-free (meaning f(p) is not divisible by a k-th power). The
conjectured density is
(1.4) cf,k =
∏
P
(
1− ρf (p
k)
φ(pk)
)
.
Uchiyama [18] proved this conjectured density for k = deg f by a method
that also handles the case k > deg f . The case k = deg f−1 was singled out
by Erdo¨s, who conjectured that the set contains infinitely many primes, and
following the works of Hooley [6], Nair [8], [9] Heath-Brown [4], Helfgott [5],
Browning [1] and Reuss [13] the quantitative conjecture for k = deg f − 1
is completely solved. The square-free case (k = 2) is currently open for
deg f > 3. Lee and Murty [7] prove that the ABC conjecture implies the
k-free conjecture on primes, for k ≥ 3. Pasten [10] showed that conjecture 1
follows from the ABC conjecture for number fields.
We turn to the function field version. Let Fq be a finite field of q elements,
where q = pm is a prime power, and Fq[t] the polynomial ring. We denote
by Mn(q) the set of monic polynomials of degree n. We define the absolute
value of a ∈ Fq[t] to be |a| = qdeg a. We denote by piq(n) the set of monic
irreducible polynomials of degree n, so that |piq(n)| = q
n
n +O
(
qn/2
n
)
.
Let f(x) ∈ Fq[t][x]. Monic irreducible polynomials will be called prime
polynomials. A polynomial a(t) ∈ Fq[t] is called square-free if there is no
P ∈ Fq[t] such that degP > 0 and P 2 | a. We denote by P(n) = Pf,2(n) the
set of prime polynomials P (t) ∈ Mn(q) such that f(P ) is square-free. We
prove an analogue of Conjecture 1 for square-free values, also establishing
asymptotic bounds on the error term.
A polynomial f ∈ Fq[t][x] is called square-free if there is no P ∈ Fq[t][x]
such that P 2 | f and the degree of P as a polynomial in t, x is positive.
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Theorem 1. Assume f ∈ Fq[t][x] is square-free. For a polynomial D ∈
Fq[t], define
ρf (D) = |{C ∈ Fq[t] : degC < degD, gcd(D,C) = 1, f(C) ≡ 0 (mod D)}|.
Then
(1.5)
|Pf,2(n)|
|piq(n)| = cf,2 +Of,q
(
1
logq n
)
as n→∞,
with
(1.6) cf,2 =
∏
P
(
1− ρf
(
P 2
)
|P |2 − |P |
)
,
where the product runs over the prime polynomials P . The implied constant
in the error term Of,q
(
1
logq n
)
depends only on f and the finite field size q.
Note that the constant cf,2 is positive if and only if for all primes P , there
is some C ∈ Fq[t] with degC < degP 2, C coprime to P , such that f(C) 6= 0
(mod P 2). See Section § 6.1 for a discussion.
1.2. Plan of the proof. Take M ∈ N which will be chosen later, and let
(1.7) P ′(n,M) = {a ∈ piq(n) : P 2 ∤ f(a),∀P prime with degP < M}
and
(1.8) P ′′(n,M) = {a ∈ piq(n) : ∃P,degP ≥M, s.t. P 2 | f(a)}
Then clearly
(1.9) P(n) ⊂ P ′(n,M) ⊂ P(n) ∪ P ′′(n,M),
so that
(1.10) |P ′(n,M)| − |P ′′(n,M)| ≤ |P(n)| ≤ |P ′(n,M)|.
Thus it suffices to give an asymptotic estimate for |P ′(n,M)| (the “main
term”), which is easy if M is small, and an upper bound for |P ′′(n,M)| (the
“error term”). We will show in Proposition 1 that
(1.11) |P ′(n,M)| = cf,2 q
n
n
+O
(
qn
nMqM
)
+O
(
q
n
2
+4qM+M
n
)
,
and in Proposition 2 that
(1.12) |P ′′(n,M)| = O
(
qn
MqM
+ q
n p−1
p
)
.
Choosing M = ⌊logq n9 ⌋ in (1.11) and (1.12) gives
|P ′(n,M)| = cf,2 q
n
n
+O
(
qn
n2 logq n
)
and
|P ′′(n,M)| ≪ q
n
n logq n
,
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which together yield
(1.13) |Pf,2(n)| = cf,2|piq(n)|+O
(
qn
n logq n
)
.
This proves Theorem 1.
The proof of (1.11) is carried out using a sieve method and an estimate
on the size of the set piq(n;Q,A) of primes in arithmetic progression, defined
as:
piq(n;Q,A) = {P ∈ piq(n) : P ≡ A (mod Q)}.
The crucial bound (1.12) for the contribution of large primes uses ideas
of Ramsay [12] and Poonen [11], formulated in their work on the related
question of square-free values taken at arbitrary (non-prime) polynomials,
which we will explain in the proof of (1.12).
As a final comment, we point out that we have dealt here with the limit
of large degree n and fixed finite field size q. One can also ask an analogous
question for the limit of q → ∞ and n fixed. Define the content of f(x) ∈
Fq[t][x] to be the monic greatest common divisor of its coefficients, which is
an element of Fq[t]. In this case, it follows from the recent work of Rudnick
[16] that for any sequence of finite fields Fq of cardinality q → ∞, and any
choice of separable fq ∈ Fq[t][x] with square-free content, fq(P ) is square-free
with probability 1, that is
(1.14) lim
q→∞
|Pfq,2(n)|
|piq(n)| = 1.
This is because in [16] it is shown that with probability 1 as q → ∞, for
an arbitrary polynomial a ∈Mn, fq(a) is square-free. Since the primes have
positive density (namely 1/n) in the set of all monic polynomials of degree
n, the result follows.
2. Estimating the main term
We now turn back to the proof of Theorem 1. We fixed M ∈ N and
defined
P ′(n,M) = {a ∈ piq(n) : P 2 ∤ f(a),∀P prime with degP < M},
P ′′(n,M) = {a ∈ piq(n) : ∃P,degP ≥M, s.t. P 2 | f(a)}.
We wish to prove that for 0≪M ≤ n2 it holds that
|P ′(n,M)| = cf,2 q
n
n
+O
(
qn
nMqM
)
+O
(
q
n
2
+4qM+M
n
)
and
|P ′′(n,M)| ≤ 2q
n deg f
MqM
+O
(
qn
p−1
p
)
.
The rest of the paper will use the following notation:
• n,N natural numbers
• For a ∈ Fq[t]N , ai is the value of the i-th coordinate of a
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• P is a prime in Fq[t]
• f(x) ∈ Fq[t][x] is a square-free polynomial
For Q ∈ Fq[t], define φ(Q) = |{a ∈ Fq[t] : deg a < degQ, gcd(Q, a) = 1}|.
In the the following proof, we need an estimate for the size of the set of
primes of degree n in an arithmetic progression: piq(n;Q,A). We get the
estimate using the Prime Polynomial Theorem in arithmetic progressions,
with a remainder term given by the Riemann Hypothesis for curves over a
finite field (Weil’s Theorem) which was first proved in [19]:
Lemma 1 (Weil’s Theorem). For Q,A ∈ Fq[t] with gcd(Q,A) = 1,
(2.1) |piq(n;Q,A)| = q
n
nφ(Q)
+O
(
q
n
2
n
degQ
)
Lemma 1 is proved, similarly to the proof of Theorem 4.8 in [15], from
the Riemann Hypothesis in the same way that the corresponding statement
over the integers is deduced from the Generalized Riemann Hypothesis, see
e.g. [2, Chapter 20]. It is done, by using the ”Explicit Formula” to express a
sum
∑
deg(P k)=n
pk=A modQ
degP over prime powers in the arithmetic progression (the
higher prime powers are easily shown to give a negligible amount), with an
average over zeros of all L-functions associated to Dirichlet characters mod-
ulo Q; the trivial character gives the main term, and each of the remaining
nontrivial characters, for which the associated L-function is a polynomial in
u = q−s of degree at most degQ − 1, all of whose inverse zeros are in the
disc |u| ≤ √q, contributes at most (degQ− 1)qn/2/φ(Q). The division by n
arises from the extra factor of degP in the Explicit Formula.
Remark 1. Suppose that f ∈ Fq[t][x] is square-free and P ∈ Fq[t] is prime.
Denote the discriminant of f over Fq(t) by ∆(f) and denote by ∆Fq[t]/〈P 〉(f)
the discriminant of f over Fq[t]/〈P 〉. It holds that ∆(f) 6= 0 and for P ∈
Fq[t] such that degP > deg∆(f), we can conclude that P ∤ ∆(f).
Now assume that ∆Fq[t]/〈P 〉(f) = 0 and P does not divide the leading
coefficient of f . It holds that
∆(f) (mod P ) ≡ ∆Fq[t]/〈P 〉(f) ≡ 0 (mod P )
which allows to conclude that P |∆(f).
We will use the following version of Hensel’s lemma in the paper
Lemma 2 (Hensel’s Lemma). Suppose that f ∈ Fq[t][x] is square-free and
P ∈ Fq[t] is prime such that degP > deg∆(f) where ∆(f) is the dis-
criminant of f over Fq(t). Also assume that P does not divide the leading
coefficient of f . Then
|{b ∈ Fq[t] : deg b < degP 2, f(b) ≡ 0 (mod P 2)}|
= |{a ∈ Fq[t] : deg a < degP, f(a) ≡ 0 (mod P )}|
(2.2)
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Proof. Suppose that c ∈ Fq[t] and f(c) ≡ 0 (mod P ). Take d ∈ Fq[t] such
that d ≡ c (mod P ). Thus d = c+ tP . From the formal derivative formula
for f we have that
(2.3) f(d) = f(c+ tP ) = f(c) + tP
∂f
∂x
(c) + P 2(· · · ).
Now, since f(c) ≡ 0 (mod P ) it follows that there is some s ∈ Fq[t] such
that f(c) = sP . Combining this with (2.3) gives
f(d) ≡ (s+ t∂f
∂x
(c))P (mod P 2)
thus
(2.4) f(d) ≡ 0 (mod P 2)⇐⇒ s+ t∂f
∂x
(c) ≡ 0 (mod P ).
By remark 1 we get that
(2.5) P ∤ ∆(f).
So if f(c) ≡ 0 (mod P ) and ∂f∂x (c) ≡ 0 (mod P ) then from the basic property
of discriminant we get that the discriminant of f over Fq[t]/〈P 〉, which will
be denoted by ∆Fq[t]/〈P 〉(f), is 0. By remark 1 this implies that P |∆(f) which
is a contradiction to (2.5). Thus ∂f∂x (c) 6≡ 0 (mod P ) and ∂f∂x(c) (mod P ) is
invertible. Denote h(c) = ∂f∂x(c)
−1 (mod P ). Combining this with (2.4) we
get that
f(d) ≡ 0 (mod P 2)
for
(2.6) d ≡ c− f(c)h(c) (mod P 2).
This gives a solution d ∈ Fq[t] to f(d) ≡ 0 (mod P 2) such that d ≡ c
(mod P ) and according to the equation (2.6) the solution d is unique modulo
P 2, which proves the lemma. 
We will also use the following lemma
Lemma 3. Suppose that f ∈ Fq[t][x] is square-free and P ∈ Fq[t] is prime.
Denote the discriminant of f over Fq(t) by ∆(f), denote by wf (t) ∈ Fq[t]
the leading coefficient of f as a polynomial in x over Fq[t], and denote by
deg f the degree of f as a polynomial in x over Fq[t]. Then
|{b ∈ Fq[t] : deg b < degP 2, f(b) ≡ 0 (mod P 2)}|
≤ max{deg f, q2max{deg∆(f),degwf}} = O(1)(2.7)
and the implied constant in the bound depends only on f and the finite field
size q.
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Proof. If degP > max{deg∆(f),degwf} then using Hensel’s Lemma (lemma
2) we get
|{b ∈ Fq[t] : deg b < degP 2, f(b) ≡ 0 (mod P 2)}|
= |{a ∈ Fq[t] : deg a < degP, f(a) ≡ 0 (mod P )}|
(2.8)
and since degP > degwf it follows that f 6≡ 0 (mod P ). The number of
roots of a polynomial in x over the field Fq[t]/〈P 〉 is bounded by its degree
in x and thus
|{a ∈ Fq[t] : deg a < degP, f(a) ≡ 0 (mod P )}| ≤ deg f.
Combining this with (2.8) we get that if degP > max{deg∆(f),degwf}
then
(2.9) |{b ∈ Fq[t] : deg b < degP 2, f(b) ≡ 0 (mod P 2)}| ≤ deg f.
On the other hand, if degP ≤ max{deg∆(f),degwf} then
|{b ∈ Fq[t] : deg b < degP 2, f(b) ≡ 0 (mod P 2)}| ≤ |P |2
= q2deg P ≤ q2max{deg∆(f),degwf}.(2.10)
The result is obtained by combining (2.9) and (2.10). 
Finally, we will use the following lemma which is called the ”Explicit
Formula” and is proved in Proposition 2.1 in [15]
Lemma 4 (The Explicit Formula). For integers q and n, the following holds∑
d|n d|piq(d)| = qn. In particular, i|piq(i)| ≤ qi for all integers i ≤ n.
We will now prove:
Proposition 1. For 0≪M ≤ n,
|P ′(n,M)| = cf,2 q
n
n
+O
(
qn
nMqM
)
+O
(
q
n
2
+4qM+M
n
)
.
The proof will use a standard sieve argument.
Proof of Proposition 1. Denote w = |{P : degP < M}| and enumerate
{P : degP < M} = {Pj : 1 ≤ j ≤ w}. Define:
B = {(d1, . . . , dw) ∈ (Fq[t])w : ∀j, 1 ≤ j ≤ w,deg dj < degP 2j ,
f(dj) 6≡ 0 (mod P 2j )},
C = {(d1, . . . , dw) ∈ B : ∀j, 1 ≤ j ≤ w, gcd(dj , P 2j ) = 1}.
Now, for a ∈ piq(n), if Pj |dj for some 1 ≤ j ≤ w, then from Pj |(a − dj)
it follows that Pj |a, but both are prime, thus Pj = a. Since deg a = n and
degP < M , it follows that for n ≥ M , if Pj |dj , then {a ∈ piq(n) : ∀1 ≤ j ≤
w, a ≡ dj (mod P 2j )} = ∅.
In addition, according to the Chinese Remainder Theorem, for every set
(d1, . . . , dw) ∈ B, there is a unique element dd1,...,dw ∈ Fq[t] with deg dd1,...,dw <
deg
∏
deg P<M P
2 such that dd1,...,dw ≡ dj (mod P 2j ),∀1 ≤ j ≤ w.
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Thus for M ≤ n it holds that
|P ′(n,M)| = |{a ∈ piq(n) : ∀ degP < M,P 2 ∤ f(a)}|
=
∑
(d1, . . . , dw) ∈ B
∣∣{a ∈ piq(n) : ∀j, 1 ≤ j ≤ w, a ≡ dj (mod P 2j )}∣∣
=
∑
(d1, . . . , dw) ∈ C
∣∣{a ∈ piq(n) : ∀j, 1 ≤ j ≤ w, a ≡ dj (mod P 2j )}∣∣
=
∑
(d1, . . . , dw) ∈ C
∣∣∣∣∣∣

a ∈ piq(n) : a ≡ dd1,...,dw (mod
∏
degP<M
P 2)


∣∣∣∣∣∣
(2.11)
Now, using lemma 4 we get
deg
∏
deg P<M
P 2 =
∑
deg P<M
2 degP = 2
M∑
i=1
i|piq(i)|
≤ 2
M∑
i=1
qi = 2
(
qM +
qM − 1
q − 1 − 1
)
≤ 4qM .
(2.12)
Since gcd(dd1,...,dw ,
∏
deg P<M P
2) = 1, we can use (2.1) with (2.12) to get
|{a ∈ piq(n) : a ≡ dd1,...,dw (mod
∏
deg P<M
P 2)}|
=
qn
nφ(
∏
degP<M P
2)
+O

q n2
n
deg
∏
deg P<M
P 2


=
qn
nφ(
∏
degP<M P
2)
+O
(
q
n
2
n
qM
)
=
qn
nφ(
∏
degP<M P
2)
+O
(
q
n
2
+M
n
)
.
Let us now insert this in equation (2.11):
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|P ′(n,M)| =
∑
(d1, . . . , dw) ∈ C
(
qn
nφ(
∏
deg P<M P
2)
+O
(
q
n
2
+M
n
))
=

 ∏
degP<M
(
φ
(
P 2
)− ρf (P 2))

( qn
nφ(
∏
deg P<M P
2)
+O
(
q
n
2
+M
n
))
=
qn
n
∏
deg P<M
(
1− ρf
(
P 2
)
|P |2 − |P |
)
+O

q n2+M
n
∏
degP<M
|P |2


=
qn
n
∏
deg P<M
(
1− ρf
(
P 2
)
|P |2 − |P |
)
+O
(
q
n
2
+M
n
q4q
M
)
=
qn
n
∏
deg P<M
(
1− ρf
(
P 2
)
|P |2 − |P |
)
+O
(
q
n
2
+4qM+M
n
)
.
(2.13)
Now, using lemma 3 we get
ρf
(
P 2
)
= |{c ∈ Fq[t] : deg c < degP 2, f(c) ≡ 0 (mod P 2), gcd(c, P 2) = 1}|
≤ |{c ∈ Fq[t] : deg c < degP 2, f(c) ≡ 0 (mod P 2)}| = O(1),
which is a uniform bound for all P and the bound depends only on f and
the final field size q. It follows that the infinite product
cf,2 =
∏
P
(
1− ρf(P
2)
|P |2−|P |
)
converges because
∑
P
1
|P |2−|P |
converges.
By (2.13),
|P ′(n,M)| = |{a ∈ piq(n) : ∀ degP < M,P 2 ∤ f(a)}|
=
qn
n
∏
deg P<M
(
1− ρf
(
P 2
)
|P |2 − |P |
)
+O
(
q
n
2
+4qM+M
n
)
= cf,2
qn
n
∏
degP≥M
1
1− ρf (P 2)
|P |2−|P |
+O
(
q
n
2
+4qM+M
n
)
.
(2.14)
Now using the uniform bound ρf
(
P 2
)
= O(1), the fact that log 11−x ≪ x
for small enough x > 0, and lemma 4, we get
log

 ∏
deg P≥M
1
1− ρf (P 2)|P |2−|P |

≪ ∑
deg P≥M
1
|P |2 − |P | ≪
∑
deg P≥M
1
|P |2
≪
∑
i≥M
|piq(i)|
q2i
≪
∑
i≥M
1
iqi
≪ 1
MqM
.
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Now insert this back in (2.14) and use the Taylor expansion for e to get
|P ′(n,M)| = |{a ∈ piq(n) : ∀ degP < M,P 2 ∤ f(a)}|
= cf,2
qn
n
e
O
(
1
MqM
)
+O
(
q
n
2
+4qM+M
n
)
= cf,2
qn
n
(
1 +O
(
1
MqM
))
+O
(
q
n
2
+4qM+M
n
)
= cf,2
qn
n
+O
(
qn
nMqM
)
+O
(
q
n
2
+4qM+M
n
)
.

3. Bounding the remainder
I will prove:
Proposition 2. For 0≪M ≤ n2 :
|P ′′(n,M)| = |{a ∈ piq(n) : ∃P,degP ≥M,P 2 | f(a)}|
= O
(
qn
MqM
+ q
n p−1
p
)
In [12], Ramsay stated a bound for |P ′′(n,M)|. However, his argument
only works for the case where f ∈ Fq[x] has constant coefficients, and even
in that case the argument is incomplete. A proof for the general case is
given in Poonen [11]. Poonen gave an alternative proof that a multi-variable
version of this set has density 0. In his proof he reduces the problem to the
calculation of the density of
{a ∈ Fq[t] : deg a = n,∃P,degP ≥M,P | h(a), g(a)}
for h(x), g(x) ∈ Fq[t][x] which are coprime as elements of Fq(t)[x]. He calcu-
lates this density in a more general case (Lemma 5.1 in [11]). We will apply
some of his ideas to the special case which is needed for the proof in the
present paper.
As it is standard in the problem of counting square-free values of polyno-
mials, we bound the size of P ′′(n,M) by separating the cases degP > n/2
and n/2 ≥ degP > M (this was suggested to us by Rudnik). We use
Poonen’s proof method in [11]. All the results will have explicit error terms.
Proposition 2 will be proven by the following two propositions:
Proposition 3. For 0≪M ≤ n2 ,∣∣∣{a ∈Mn(q) : ∃P, n
2
≥ degP ≥M,P 2 | f(a)
}∣∣∣≪ qn
MqM
.
Proposition 4.∣∣∣{a ∈Mn(q) : ∃P,degP > n
2
, P 2 | f(a)
}∣∣∣≪ qn p−1p .
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The bound in Proposition 2 is achieved by bounding the sets above which
go over non prime polynomials as well as prime polynomials. Those sets, as
it turns out, are easier to estimate. In the case of Z this technique doesn’t
work for the parallel of Proposition 4 because the bigger set is also hard to
bound.
4. Proof of Proposition 3
Proof. Notice that if degP ≤ n2 , then for any C ∈ Fq[t] we have
|{a ∈Mn(q) : a ≡ C (mod P 2)}| = q
n
|P |2 .
Denote x(D) = |{C ∈ Fq[t] : degC < degD, f(C) ≡ 0 (mod D)}|. Using
lemma 3 and lemma 4 we get
∣∣∣{a ∈Mn(q) : ∃P,M ≤ degP ≤ n
2
, P 2 | f(a)
}∣∣∣
≤
∑
M≤deg P≤n
2
|{a ∈Mn(q) : P 2 | f(a)}|
=
∑
M≤deg P≤n
2
∑
C ∈ Fq [t],degC < degP
2
f(C) ≡ 0 (mod P 2)
|{a ∈Mn(q) : a ≡ C (mod P 2)}|
= qn
∑
M≤deg P≤n
2
x
(
P 2
)
|P |2 ≪ q
n
∑
M≤degP≤n
2
1
|P |2
= qn
∑
M≤k≤n
2
|piq(k)|
q2k
≤ qn
∑
M≤k≤n
2
qk
k
q2k
= qn
∑
M≤k≤n
2
1
kqk
≤ q
n
MqM
∑
M≤k≤n
2
1
2k
≤ q
n
MqM
.

Note 1: Poonen in [11] estimated this set (in his paper it is |⋃N−1s=0 Qs|)
using dimension considerations from algebraic geometry (see the proof of
Lemma 5.1 in [11]).
Note 2: Similar proof for the integer case can be found in [3].
5. Proof of Proposition 4
Denote
F (y0, . . . , yp−1) = f

p−1∑
j=0
tjypj

 ∈ Fq[t][y0, . . . , yp−1],
Q =
{
a ∈ Fq[t]p : ∀0 ≤ i < p,deg ai ≤
⌊
n
p
⌋
and ∃P,degP > n
2
, P | F (a), ∂F
∂t
(a)
}
.
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Proposition 4 follows from the following two lemmas:
Lemma 5. ∣∣∣{a ∈Mn(q) : ∃P,degP > n
2
, P 2 | f(a)
}∣∣∣ ≤ |Q|
Lemma 6. We have that at least one of the following holds:
• cf,2 = 0 and Pf,2(n) = 0 (in which case Theorem 1 holds), or
• |Q| ≪ qn p−1p .
Lemma 5 will be proved using the following lemma:
Lemma 7. Denote by b the unique integer such that b ≡ n (mod p) and
0 ≤ b < p.
For each n there is a set An ⊂ (Fq[t])p such that (1)
Mn(q) =


p−1∑
j=0
tjaj(t)
p : (a0(t), . . . , ap−1(t)) ∈ An


and (2)
∀(a0(t), . . . , ap−1(t)) 6= (b0(t), . . . , bp−1(t)) ∈ An,
p−1∑
j=0
tjaj(t)
p 6=
p−1∑
j=0
tjbj(t)
p
Moreover, ab(t) ∈ M⌊n
p
⌋(q) and for all a ∈ An we have that deg aj(t) ≤
⌊n/p⌋ for each j.
Lemma 6 will be proven using the following proposition
Proposition 5. Let N ≥ 0 be an integer. For irreducible f, g ∈ Fq[t][x1, . . . , xN ]
that are coprime in Fq(t)[x1, . . . , xN ], it holds for N > 0 that∣∣∣∣
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
,∃P,degP > n
2
, P | f(a), g(a)
}∣∣∣∣≪f,g qnN−1p .
For N = 0 and n≫ 0,{
P : degP >
n
2
, P | f, g
}
= ∅.
Proposition 5 will be proven using the following two propositions
Proposition 6. Let N ≥ 1 be an integer and let 0 6= g ∈ Fq[t][x1, . . . , xN−1]
be a polynomial. Define
S0 =
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
, g(a) = 0
}
,
then it holds that
|S0| ≪ qn
N−1
p .
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Proposition 7. Let N ≥ 1 be an integer and let f ∈ Fq[t][x1, . . . , xN ], g ∈
Fq[t][x1, . . . , xN−1] be polynomials. Denote by f1 ∈ Fq[t][x1, . . . , xN−1] the
coefficient of the highest power of xN in f when looking at f as polynomials
in xN . Define
S = {a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
,∃P,degP > n
2
, P | f(a), g(a),
P ∤ f1(a), g(a) 6= 0} ,
then it holds that
|S| ≪f,g qn
N−1
p .
Proof of Lemma 5. Denote the sets from Lemma 7 by An, for each n. By
Lemma 7 we get
∣∣∣{a ∈Mn(q) : ∃P,degP > n
2
, P 2 | f(a)
}∣∣∣
=
∣∣∣∣∣∣


p−1∑
j=0
tjaj(t)
p : (a0(t), . . . , ap−1(t)) ∈ An,∃P,degP > n
2
,
P 2 | f(
p−1∑
j=0
tjaj(t)
p)


∣∣∣∣∣∣
=
∣∣∣{(a0(t), . . . , ap−1(t)) ∈ An : ∃P,degP > n
2
, P 2 | F (a0(t), . . . , ap−1(t))
}∣∣∣
(5.1)
=
∣∣∣{(a0(t), . . . , ap−1(t)) ∈ An : ∃P,degP > n
2
, P | F (a0(t), . . . , ap−1(t)),
P | dF (a0(t), . . . , ap−1(t))
dt
}∣∣∣∣ .
Notice that by the total derivative formula for F , and since F (y0, . . . , yp−1) ∈
Fq[t]
[
yp1, . . . , y
p
p−1
]
, it holds that
dF (a0(t), . . . , ap−1(t))
dt
=
∂F (y0, . . . , yp−1)
∂t
(a0(t), . . . , ap−1(t))(5.2)
+
∂F (y0, . . . , yp−1)
∂y0
(a0(t), . . . , ap−1(t))
da0(t)
dt
+
∂F (y0, . . . , yp−1)
∂y1
(a0(t), . . . , ap−1(t))
da1(t)
dt
+ · · ·
+
∂F (y0, . . . , yp−1)
∂yp−1
(a0(t), . . . , ap−1(t))
dap−1(t)
dt
=
∂F (y0, . . . , yp−1)
∂t
(a0(t), . . . , ap−1(t)) + 0 + · · · + 0
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=
∂F (y0, . . . , yp−1)
∂t
(a0(t), . . . , ap−1(t)).
Combining (5.1) and (5.2) we get:
∣∣∣{a ∈Mn(q) : ∃P,degP > n
2
, P 2 | f(a)
}∣∣∣ =∣∣∣∣
{
a = (a0(t), . . . , ap−1(t)) ∈ An : ∃P,degP > n
2
, P | F (a), P | ∂F
∂t
(a)
}∣∣∣∣ .
(5.3)
Now, by Lemma 7, for all a ∈ An we have that deg aj(t) ≤ ⌊n/p⌋ for each
j. Therefore,{
a = (a0(t), . . . , ap−1(t)) ∈ An : ∃P,degP > n
2
, P | F (a), P | ∂F
∂t
(a)
}
⊆ Q,
which together with (5.3) proves the lemma. 
Proof of Lemma 7. The existence of such An for each n follows from the fact
that Fq[t] is a free Fq[t
p] module of rank p with the obvious action.
Denote by b the unique integer such that b ≡ n (mod p) and 0 ≤ b < p.
By the definition of An, for all a ∈ An we have that deg
∑p−1
j=0 t
jaj(t)
p = n.
Thus, using the fact that degrees of polynomials are integers, we get
ab(t) ∈M⌊n
p
⌋(q) and ∀j, 0 ≤ j ≤ p− 1,deg aj(t) ≤ n− j
p
≤ n
p
=⇒
∀j, 0 ≤ j ≤ p− 1,deg aj(t) ≤ ⌊n/p⌋,
as desired. 
Proof of Lemma 6. By Lemma 7.2 in [11], F ∈ Fq[t][y0, . . . , yp−1] is square-
free because f is square-free.
The next argument, showing that the case where F, ∂F∂t ∈ Fq(t)[y0, . . . , yp−1]
are not coprime is degenerate, replaces Lemma 7.3 in [11] to allow the proof
to be easily generalized to the k-free case.
Set G = gcd
(
F, ∂F∂t
) ∈ Fq(t) [y0, . . . , yp−1]. By the total derivative formula
one has, just like in the proof of Lemma 5, that for all a(t) ∈ Fq[t]p it holds
that dF (a)dt =
∂F
∂t (a), because the rest of the partial derivatives vanish since
F ∈ Fq(t)[yp0 , . . . , ypp−1].
If degG > 0, then for a(t) ∈ Fq[t]p let P (t) be a prime factor of G(a)
(such P (t) exists because degG > 0). Then P 2 | F (a) (because P | G(a),
G(a) | F (a), and G(a) | ∂F∂t (a) = dF (a)dt ).
Thus if degG > 0, then for all a(t) ∈ Fq[t]p , F (a) is not square-free.
Thus by Lemma 7, for all a(t) ∈ Fq[t], f(a) is not square-free which gives
|Pf,2(n)| = 0. Now by Theorem 3.4 in [11] we have
lim
n→∞
|{a ∈Mn(q) : f(a) is square-free}|
|Mn(q)| =
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∏
P
(
1− |{c ∈ Fq[t] : deg c < degP
2, f(c) ≡ 0 (mod P 2)}|
|P |2
)
.
Thus if for some a(t) ∈ Fq[t], f(a) is not square-free, then∏
P
(
1− |{c ∈ Fq[t] : deg c < degP
2, f(c) ≡ 0 (mod P 2)}|
|P |2
)
= 0.
By Lemma 3 and the fact that the sum
∑
P
1
|P |2 converges, the infinite
product converges. So the vanishing of the product happens only when
there is some prime P such that P 2|f(c) for all c ∈ Fq[t]. Thus we get
ρf
(
P 2
)
=
∣∣{c ∈ Fq[t] : deg c < degP 2, gcd(c, P ) = 1, f(c) ≡ 0 (mod P 2)}∣∣
= |P |2 − |P |.
This implies that
cf,2 =
∏
P
(
1− ρf
(
P 2
)
|P |2 − |P |
)
= 0,
which concludes the result of the lemma for the case of degG > 0.
Now let us assume that degG = 0, which means that F and ∂F∂t are
coprime in Fq(t)[y0, . . . , yp−1].
If the decompositions of F and ∂F∂t into irreducibles are F = f1 · · · fif and
∂F
∂t = g1 · · · gig (fi 6= gj because F is square-free, thus fi, gj are coprime in
Fq(t)[y0, . . . , yp−1] since they are both irreducible), then
Q =
{
a ∈ Fq[t]p : deg ai ≤
⌊
n
p
⌋
,∃P,degP > n
2
, P | F (a), ∂F
∂t
(a)
}
=
⋃
i,j
{
a ∈ Fq[t]p : deg ai ≤
⌊
n
p
⌋
,∃P,degP > n
2
, P | fl(a), gj(a)
}
.
Recall that
F (y0, . . . , yp−1) = f

p−1∑
j=0
tjypj

 ∈ Fq[t][y0, . . . , yp−1],
thus the number of irreducibles in the decomposition of F is bounded by
p · deg f and thus this also bounds the number of irreducibles in the decom-
position of ∂F∂t . Now, by proposition 5 we conclude the proof
|Q| =
∣∣∣∣∣∣
⋃
i,j
{
a ∈ Fq[t]p : deg ai ≤
⌊
n
p
⌋
,∃P,degP > n
2
, P | fl(a), gj(a)
}∣∣∣∣∣∣
≪ qn p−1p · (p · deg f)2 ≪ qn p−1p ,
the product constant depending on the field size q and the polynomial f was
neglected because as stated in the main theorem (theorem 1) the error term
depends on f and the finite field size q. 
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Proof of Proposition 5. Note that f, g 6= 0 because f and g are coprime.
Since we are interested in P with a large value of |P |, we may divide f, g
by common factors in Fq[t] and assume that f, g are coprime as elements of
Fq[t][x1, . . . , xN ].
Denote:
Q′ =
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
,∃P,degP > n
2
, P | f(a), g(a)
}
.
We proceed by induction on N .
If N = 0, then f, g ∈ Fq[t]. Thus for n2 > max{deg f,deg g} it holds that
Q′ = ∅.
Now assumeN ≥ 1. Denote by f1, g1 ∈ Fq[t][x1, . . . , xN−1] the coefficients
of the highest power of xN in f, g, respectively, when looking at f, g as
polynomials in xN .
Case 1: Assume the xN -degrees of both f and g are positive. Since
f, g are coprime in Fq[t][x1, . . . , xN ], they are also coprime if viewed as
single-variable polynomials in Fq(t, x1, . . . , xN−1)[xN ]. Thus by the Be´zout
Identity, there are b, c ∈ Fq(t, x1, . . . , xN−1)[xN ] such that 1 = bf + cg.
Multiplying by the common denominator it follows that there are B,C ∈
Fq[t][X1, . . . ,XN−1][XN ] and 0 6= D ∈ Fq[t][X1, . . . ,XN−1] such that D =
Bf + Cg.
Note: The polynomial D here replaces the resultant used in Poonen’s
proof of Lemma 5.1 in [11]. The change is done so that it will be easier to
generalize the proof to the k-free case.
Since D is nonzero and does not involve xN and since f, g are irreducible,
it follows that D is coprime with each of f, g. If P divides f(a) and g(a),
then from D = Bf +Cg it follows that P | D(a). Thus,
Q′ ⊆
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
,∃P,degP > n
2
, P | f(a),D(a)
}
.
Since D only depends on f, g, its number of factors can be absorbed in
the implicit constant implied by ≪f,g. Thus, by looking at the irreducible
factors of D, just as in the second half of the proof of Lemma 6, we can
assume that D is irreducible. This reduces the problem to dealing with f, g
such that one of them is in Fq[t][x1, . . . , xN−1] and thus does not depend on
xN .
Case 2: Suppose that one of f, g is in Fq[t][x1, . . . , xN−1]. Without loss
of generality, we can assume that it is g. In this case the proof will be
by induction on δ, where δ is the xN -degree of f . If δ = 0, then f, g ∈
Fq[t][x1, . . . , xN−1] and according to the outer induction hypothesis,∣∣∣∣
{
a ∈ Fq[t]N−1 : deg ai ≤
⌊
n
p
⌋
,∃P,degP > n
2
, P | f(a), g(a)
}∣∣∣∣≪f,g qnN−2p ,
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whence∣∣∣∣
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
,∃P,degP > n
2
, P | f(a), g(a)
}∣∣∣∣
=
∣∣∣∣
{
a ∈ Fq[t]N−1 : deg ai ≤
⌊
n
p
⌋
,∃P,degP > n
2
, P | f(a), g(a)
}∣∣∣∣
·
∣∣∣∣
{
a ∈ Fq[t] : deg a ≤
⌊
n
p
⌋}∣∣∣∣
≪f,g qn
N−2
p · q
⌊
n
p
⌋
≤ qnN−2p +np = qnN−1p .
So let us assume δ > 0 and define
S′ =
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
,∃P,degP > n
2
, P | f1(a), g(a)
}
,
S0 =
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
, g(a) = 0
}
,
S = {a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
,∃P,degP > n
2
, P | f(a), g(a),
P ∤ f1(a), g(a) 6= 0} .
It holds that Q′ ⊆ S ∪ S′ ∪ S0.
If g|f1, then by subtracting a multiple of g from f , Q′ is not changed and
the new f is still coprime to g. In this way the degree of f can be lowered,
which then allows us to use the inner inductive hypothesis to get the desired
result. So assume now that g ∤ f1 and since we assumed that g is irreducible
this means that g, f1 are coprime in Fq[t][x1, . . . , xN−1]. Thus by applying
the hypothesis of the outer induction to f1, g ∈ Fq[t][x1, . . ., xN−1], just like
in the case δ = 0, we conclude that
(5.4) |S′| ≪f,g qn
N−1
p .
Using this together with propositions 6 and 7 allows us to conclude that
|Q′| = |S ∪ S′ ∪ S0| ≪f,g qn
N−1
p
as desired. 
Proof of Proposition 6. We will show that |S0| ≪ qn
N−1
p by using induction
on N .
For N = 1, since g ∈ Fq[t][x1, . . . , xN−1], it follows that g ∈ Fq[t] and
since g 6= 0, {
a ∈ Fq[t] : deg a ≤
⌊
n
p
⌋
, g(a) = 0
}
= ∅.
Let us assume now that the assertion is true for N − 1, where N > 1.
Denote by g2 the coefficient of the highest power of xN−1 in g. If g2 = 0,
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then g ∈ Fq[t][x1, . . . , xN−2]. By the induction hypothesis, for all 0 6= h ∈
Fq[t][x1, . . . , xN−2],∣∣∣∣
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
, h(a) = 0
}∣∣∣∣ =∣∣∣∣
{
a ∈ Fq[t]N−1 : deg ai ≤
⌊
n
p
⌋
, h(a) = 0
}∣∣∣∣
·
∣∣∣∣
{
a ∈ Fq[t] : deg a ≤
⌊
n
p
⌋}∣∣∣∣
≪ qnN−2p · q
⌊
n
p
⌋
≤ qnN−2p +np = qnN−1p ,
as desired.
Assume now that g2 6= 0. Since g2 ∈ Fq[t][x1, . . . , xN−2], it follows as we
just seen that∣∣∣∣
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
, g2(a) = 0
}∣∣∣∣≪ qnN−1p .
Now
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
, g(a) = 0
}
⊂
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
, g2(a) = 0
}
∪
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
, g(a) = 0, g2(a) 6= 0
}
.
Thus we only need to show that∣∣∣∣
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
, g(a) = 0, g2(a) 6= 0
}∣∣∣∣≪ qnN−1p .
Denote by degxN−1 g the degree of g as a polynomial in the variable xN−1.
For each (a1, . . . , aN−2) ∈ Fq[t]N−2 there are at most degxN−1 g values of
aN−1 ∈ Fq[t] such that g(a1, . . . , aN−2, aN−1) = 0; indeed, this holds because
g(a1, . . . , aN−2, xN−1) is a polynomial in xN−1 of degree degxN−1 g. Using
this and the induction hypothesis gives∣∣∣∣
{
a ∈ Fq[t]N : deg ai ≤
⌊
n
p
⌋
, g(a) = 0, g2(a) 6= 0
}∣∣∣∣
=
∣∣∣∣
{
a ∈ Fq[t]N−1 : deg ai ≤
⌊
n
p
⌋
, g(a) = 0, g2(a) 6= 0
}∣∣∣∣
·
∣∣∣∣
{
a ∈ Fq[t] : deg a ≤
⌊
n
p
⌋}∣∣∣∣
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=
∣∣∣∣
{
a ∈ Fq[t]N−2 : deg ai ≤
⌊
n
p
⌋
, g(a) = 0, g2(a) 6= 0
}∣∣∣∣
·
∣∣∣∣
{
a ∈ Fq[t] : deg a ≤
⌊
n
p
⌋}∣∣∣∣
2
· degxN−1 g
≪qnN−3p · q2
⌊
n
p
⌋
≤ qnN−3p + 2np = qnN−1p ,
as desired.

Proof of Proposition 7. Take a′ = (a1, . . . , aN−1) ∈ Fq[t]N−1 with deg ai ≤⌊
n
p
⌋
. We will count the number of aN ∈ Fq[t] such that a = (a′, aN ) ∈ S.
Let deg g be the total degree of g. Since a ∈ S, the definition of S implies
that g(a) 6= 0. Since g ∈ Fq[t][x1, . . . , xN−1] does not depend on xN , we get
g(a) = g(a′). Therefore,
deg g(a) = deg g(a′) ≤ deg g ·max{deg a1, . . . ,deg aN−1} ≤ deg g ·
⌊
n
p
⌋
.
Thus, since
⌊
n
p
⌋
≤ n2 and g(a) 6= 0, there can be at most deg g different
primes P such that degP > n2 and P | g(a). Now for P such that P ∤ f1(a),
it holds that f(a′, xN ) (mod P ) ∈ (Fq[t]/〈P 〉)[xN ] is a polynomial of degree
δ > 0 over the field Fq[t]/〈P 〉 (it is a field since P is prime). Thus in this
case f(a′, xN ) (mod P ) has at most δ roots over the field Fq[t]/〈P 〉 (this
is the reason why the case P | f1(a) needs to be dealt with separately,
because in that case it might happen that f(a′, xN ) (mod P ) is 0, which
would prevent us from bounding the number of its roots). Now for P such
that degP > n2 it holds that each c ∈ Fq[t]/〈P 〉 has at most one aN ∈ Fq[t]
such that deg aN ≤
⌊
n
p
⌋
≤ n2 and aN ≡ c (mod P ).
We see that there are at most deg g primes P such that P | g(a′), and for
every such P there are at most δ ·O(1) values of aN ∈ Fq[t] with deg aN ≤ n2
such that P | f(a′, aN ).
We conclude that for each a′ = (a1, . . . , aN−1) ∈ Fq[t]N−1 with deg ai ≤⌊
n
p
⌋
there are O(1) values of a = (a′, aN ) ∈ Fq[t]N with deg aN ≤
⌊
n
p
⌋
such
that a ∈ S. Thus
|S| ≪f,g
∣∣∣∣
{
(a1, . . . , aN−1) ∈ Fq[t]N−1 : deg ai ≤
⌊
n
p
⌋}∣∣∣∣
≪f,g q
⌊
n
p
⌋
(N−1) ≪f,g qn
N−1
p .

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6.1. Positivity of cf,2. In Theorem 1 we proved that
(6.1)
|Pf,2(n)|
|piq(n)| = cf,2 +Of,q
(
1
logq n
)
as n→∞,
with
(6.2) cf,2 =
∏
P
(
1− ρf
(
P 2
)
|P |2 − |P |
)
,
where the product runs over the prime polynomials P , and for every poly-
nomial D ∈ Fq[t],
ρf (D) = |{C ∈ Fq[t] : degC < degD, gcd(D,C) = 1, f(C) ≡ 0 (mod D)}|.
Denote the discriminant of f over Fq(t) by ∆(f) and denote by wf (t) ∈
Fq[t] the leading coefficient of f as a polynomial in x over Fq[t]. We now
investigate when cf,2 is nonzero:
Proposition 8. The following conditions are equivalent:
(1) cf,2 > 0.
(2) There are infinitely many primes P such that f(P) is square-free.
(3) There is a prime P ∈ Fq[t] with degP > max{deg∆(f),degwf}
such that f(P ) is square-free.
(4) For every prime P ∈ Fq[t], there is a polynomial C ∈ Fq[t] such that
P ∤ C and P 2 ∤ f(C).
(5) For each prime P ∈ Fq[t] such that degP ≤ max{deg∆(f),degwf},
there is a polynomial C ∈ Fq[t] such that P ∤ C and P 2 ∤ f(C). Note
that this condition can be checked by a finite computation.
Proof. By lemma 3, the convergence of the sum
∑
P
1
|P |2−|P |
implies the
convergence of the product in cf,2. Consequently, cf,2 = 0 if and only if
some term in the product vanishes, which happens if and only if there is
some P such that ρf
(
P 2
)
= |P |2 − |P |. However, from Hensel’s Lemma
(lemma 2) it follows that for P with degP > max{deg∆(f),degwf} we
have that ρf
(
P 2
)
= ρf (P ) ≤ |P | − 1 < |P |2 − |P |. This proves that
(1) ⇔ (4) and (5) ⇒ (1). Also, obviously (2) ⇒ (3) and (4) ⇒ (5). Now,
if cf,2 > 0, then by Theorem 1 there is N sufficiently large such that for
every n > N there exists a prime P of degree n such that f(P ) is square-
free. This proves (1) ⇒ (2). And finally, if there is some P ∈ Fq[t] with
degP > max{deg∆(f),degwf} such that f(P ) is square-free, then for all
prime p ∈ Fq[t] with deg p ≤ max{deg∆(f),degwf}, we have p 6= P , and
since they are both prime it follows that p ∤ P . But f(P ) is square-free, thus
we also have p2 ∤ f(P ). This proves (3)⇒ (5), which completes the proof of
the equivalence of the conditions in the proposition. 
6.2. Final comments. We make a number of final remarks regarding the
proofs in this paper.
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(1) Poonen used a technique that consists of looking only at part of the
coordinates of a ∈ Fq[t]N such that ∃P,degP ≥ M,P 2 | f(a), then
proving that fixing those coordinates leaves O(1) options for the rest
of the coordinates. However, the range of the rest of the coordinates
depends on n. This proves that the density of the desired set is 0.
This technique is not available when working with one variable (last
part of the proof of Lemma 5.1 in [11])
(2) The reason we need to find g(x) ∈ Fq[t][x] such that P 2 | f(a) =⇒
P | f(a), g(a) is in order to use a method to reduce the problem to
the case where g depends on one variable less than f does. This
allows us, as explained in (1) above, to fix the variables appearing
in g and determine the amount of possible values for the variable
that does not appear in g, but appears in f (last part of the proof
of Lemma 5.1 in [11]).
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